We derive the Cardy-Verlinde entropy formula for the field theory that lives on the boundary of an asymptotically de Sitter space with a black hole. The boundary theory which is not conformal has a central charge given by the Casimir energy. The instability of the space due to Hawking radiation from the black hole corresponds to an RG flow from the IR to the UV during which the central charge increases. The endpoint of black hole evaporation is de Sitter space which is described by the UV fixed point of the RG flow.
Introduction
Holography is believed to be one of the fundamental principles of the true quantum theory of gravity [1, 2] . An explicitly calculable example of holography is the much-studied AdS/CFT correspondence. , Unfortunately, it seems that we live in a universe with a positive cosmological constant which will look like de Sitter space-time in the far future. Therefore, we should try to understand quantum gravity or string theory in de Sitter space preferably in a holographic way. Of course, physics in de Sitter space is interesting even wothout its connection to real world; de Sitter entropy and temperature have always been mysterious aspects of quantum gravity [3] .
Recently, a holographic duality between de Sitter space-time and an Euclidean CFT living on the de Sitter boundary was conjectured [4, 5] . (For previous work on this subject see [6] [7] [8] [9] .) This dS/CFT correspondence is similar to the well-known AdS/CFT correspondence. The main suporting evidence for the conjecture seems to be the asymptotic conformal symmetry on the boundary (as in [10] ) and the behavior of the boundary correlation functions. However, there are some important differences between the AdS/CFT and the dS/CFT dualities. For example, the CFT dual to de Sitter space is Euclidean and not unitary. This makes the interpretation of concepts such as energy, temperature, central charge etc. quite difficult. On the other hand, if the CFT truly describes the physics of de Sitter space, then it has to account for the nozero entropy and temperature of de Sitter (or asymptotically de Sitter) space.
Using the AdS/CFT duality, the entropy of a CFT on S d (dual to an AdS black hole background) was shown to be given by the Cardy-Verlinde formula [11] 
where E E and E C are the extensive and Casimir parts of the CFT energy and R is the radius of S d . The Cardy-Verlinde formula reproduces the Bekenstein-Hawking entropy [12, 13] of the black hole in the bulk. With a simple identification between E E , E C and L 0 , c eq. (1) becomes the well-known Cardy formula for two dimensional (unitary) CFTs [14] . It is surprising that the AdS/CFT correspondence implies that the formula applies to higher dimensional CFTs as well. In ref. [15] it was conjectured that a very similar formula (with a sign change) describes the entropy of a Euclidean CFT which is dual to asymptotically de Sitter space. Then, with a proper definition of de Sitter energy, the modified Cardy-Verlinde formula accounts for the entropy of the cosmological horizon. The validity of the CardyVerlinde entropy formula is even more surprising in the de Sitter case because the boundary CFT is not unitary. On the other hand, there seems to be some circumstantial evidence for both the dS/CFT correspondence and the Cardy-Verlinde formula [4, 5, [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] .
In this paper, we derive the Cardy-Verlinde formula for asymptotically de
Sitter spaces using the classical metric, the asymptotic conformal symmetry and the Bekenstein-Hawking formula. Thus, if we take the Bekenstein-Hawking entropy as a fundamental feature of quantum gravity we are led to the Cardy-Verlinde entropy formula for a CFT in d dimensions. The reason for the existence of such a formula for CFTs in higher than two dimensions which are not unitary is not clear. We then show that there is an effective CFT on the boundary with formulas for energy and entropy similar to those of two dimensional CFTs. This CFT has a central charge c ef f which is fixed by the Casimir energy of the CFT on the boundary.
We show that c ef f is a nondecreasing function of the energy on the boundary.
For an asymptotically de Sitter space (with a black hole) c ef f < c dS which is an inconsistency related to the fact that the conformal symmetry is broken by the black hole. Therefore, the boundary theory is not conformal, i.e. it sits away from the fixed point with c dS . We interpret instability in bulk time (or along the RG group flow on the boundary) as Hawking radiation from the black hole. As time passes the black hole evaporates and this corresponds on the boundary theory to an RG flow from the IR to the UV during which c ef f increases. When the black hole completely evaporates, M = 0 and c ef f = c dS . This state which is the pure de Sitter vacuum is stable and corresponds on the boundary to a CFT (at a fixed point). Thus, the boundary description of Hawking radiation is integrating in degrees of freedom in a flow towards the UV. c ef f is also bounded from below due to the existence of an upper bound on the black hole mass, i.e. the Nariai black hole. This corresponds to an unstable UV fixed point of the boundary theory. For asymptotically dS 3 spaces with mass M we find that c ef f = c dS for any M. The absence of an RG run agrees with the fact that in three dimensions M describes a pointlike mass with no horizon and not a black hole; there is no Hawking radiation in this case.
The paper is organized as follows. In section 2 we give the derivation of the Cardy-Verlinde entropy formula from the AdS/CFT correspondence. In section 3 we repeat the same exercise for the dS/CFT case. In section 4 we describe the effective CFT and how it is related to Hawking radiation from a black hole in asymptotically de Sitter space. Section 5 includes a discussion of our results and our conclusions.
The Cardy-Verlinde Formula from the AdS/CFT Correspondence
In this section we derive the Cardy-Verlinde formula for the entropy of a CFT on S d using the AdS/CFT correspondence. This was implicitly done in ref. [11] ;
here we review it in order to show (in the next section) that exactly the same exercise can be repeated for dS/CFT correspondence.
Consider a large black hole (i.e. with R >> L) in AdS d with the metric
where L −2 = Λ, G d is the Newton's constant and M is the mass of the black hole.
The position of the horizon is given by R which solves
This can be used as a definition of the black hole mass parameter
The real quantity we need is the energy of the black hole as an excitation 
where Ω (2) we see that the energy of the boundary CFT is redshifted by L/R comprared to E AdS . Using the connection between the central charge of the CFT and Newton's
where V = R d−2 is the volume of the boundary. The energy of the CFT E CF T = E E + E C has two contributions. The first term, E E , is the usual extensive term which describes the energy of the (d-2)-dimensional CFT gas. The second term, E C , is sub-extensive and gives the Casimir energy of the CFT on S d−2 .
The Hawking temperature of the black hole is
Therefore, the boundary CFT is at a temperature given by T CF T = (L/R)T H due to the redshift. Using
we obtain the entropy of the CFT
which is the Cardy-Verlinde formula for the entropy of a CFT on S d−2 . It is easy to see that eq. (9) reproduces the Bekenstein-Hawking entropy
Of course, using the Hawking temperature is equivalent to using the BekensteinHawking entropy formula. We stress that this is not a derivation of the BekensteinHawking formula but a validation of eq. (9) assuming that eq. (10) a fundamental component of any quantum theory of gravity.
We found that a (large) black hole in AdS d is holographically described by a thermal state of the boundary CFT with a central charge given by the bulk parameters L and G d . The conformal symmetry of AdS d is broken by the black hole; in the boundary CFT this corresponds to the nonzero temperature (or radius of the boundary). This black hole is stable and does not radiate which means that the boundary CFT is at thermal equilibrium.
The above derivation of the Cardy-Verlinde formula used three pieces of input.
The first is the metric in eq. () which gives the equation for the position of the black hole horizon (which is the equation for the mass of the black hole). The metric also determines the redshift between E AdS and E CF T . The second is the conformal symmetry of the boundary of de Sitter space which allowed us to rescale the coordinates so that the boundary has a radius equal to that of the black hole. The third is the Hawking temperature of the black hole or equivalently the Bekenstein-Hawking entropy which should be valid in quantum gravity.
The Cardy-Verlinde Formula and the dS/CFT Correspondence
It seems that the same three pieces of input used in the above derivation of the Cardy-Verlinde formula are also present in the case of asymptotically de
Sitter space. Since the metric for a black hole in dS d is very similar (to that in eq. (2) with only a sign change) we expect that the definition of mass and the energy redshift will be similar to the AdS d case. Moreover, there is an asymptotic
Euclidean conformal symmetry on the boundary which can be used to rescale the coordinates. Therefore, we can repeat the steps in the previous section for the dS/CFT correspondence and derive the modified Cardy-Verlinde formula.
We now consider a d-dimensional asymptotically de Sitter space ,i.e.a black hole in dS d described by the metric
where L −2 = Λ. The cosmological horizon is at r = R < L which is given by
As before this can be used as a definition of the black hole mass parameter (M = 
. The minus sign arises if we take I + as the boundary of dS d (for I − the sign is positive) which is a convention. Then, as the black hole mass parameter M increases both the entropy of the cosmological horizon and the total energy of the space decrease. Note that with this convention the energy of the space is negative and it vanishes only for pure dS d .
Consider now the Euclidean CFT on I + , (at r >> L which is way beyond the cosmological horizon) which is an S d−2 of radius r. Note that for r > R, g tt > 0 and g rr < 0 so in this region r is time-like and t is space-like. For r >> R we the metric in eq. (11) becomes
We see that the boundary at r >> R is Euclidean and given by R × S d−2 . Due to the (Euclidean) conformal symmetry of the boundary we can again rescale the boundary coordinates so that the S d−2 has the same radius as the cosmological horizon, R < L. From eq. (15) we see that the energy of the boundary CFT should be redshifted by L/R comprared to E dS . Using c = 3L d−2 /G d we get
E CF T = E E − E C has two contributions. The first term, E E , which is positive is the usual extensive term which describes the energy of the CFT gas. The second term,−E C , which is negative is sub-extensive and gives the Casimir energy of the
In this case, the Hawking temperature of asymptotically de Sitter space (or the cosmological horizon) is
The temperature of the CFT is given by T CF T = (L/R)T dS . Using
we find the entropy of de Sitter space to be
This is the modified Cardy-Verlinde formula for asymptotically de Sitter spaces which reproduces the Bekenstein-Hawking entropy of the cosmological horizon. It is quite surprising to find that the entropy of the Euclidean CFT on the boundary of asymptotically de Sitter space is given by the (modified) Cardy-Verlinde formula.
This formula is known to apply to two dimensional unitary CFTs. However, in the above case the CFT lives in more than two dimensions and is not unitary.
The Cardy-Verlinde formula in eq. (19) holds for both pure and asymptotically de Sitter spaces. For example, consider, dS d which is described by a CFT on the boundary. In this case, the cosmological horizon is at R = L and we find E E = E C and E CF T = 0 (since there is no black hole). The redshift factor is one and we find We can write the Cardy-Verlinde formula in eq. (19) in a suggestive form that looks like the original Cardy formula for an effective CFT. If we make the
then the extensive part of the energy is given by (2πR
The plus sign in the above formula is the modification required in the euclidean CFT case dual to de Sitter space. Its origin is the sign change in metric in eq. (11) when one goes from AdS to dS spaces. (Another interpretation of the sign change is to consider the negative Casimir energy to imply a negative central charge, c < 0.
This is not surprising since we know that the CFT dual to dS d is not unitary.) The modified Cardy-Verlinde formula for the entropy becomes
De Sitter space corresponds to a CFT on the boundary; i.e the boundary theory is at a fixed point with central charge c dS (with R = L, E CF T = 0 and
). An asymptotically de Sitter space (with a black hole) is described by a nonconformal theory on the boundary with a central charge defined by the Casimir energy
For nonzero black hole mass M, R < L and therefore c ef f < c dS . This is simply a restatement of the fact that for any nonzero M the cosmological horizon is smaller than the horizon for the pure de Sitter case. We see that the asymptotically de
Sitter space corresponds to a nonconformal theory on the boundary since we are away from the fixed point.
However, consistency requires that the two central charges agree, i.e. Thus, (for a given Λ or L) the central charge is bounded from above by c dS by a UV fixed point describing pure de Sitter space. On the other hand, c ef f is bounded from below by the fact that the smallest cosmological horizon is obtained by including the largest (Nariai) black hole [26] . In this case, the cosmological horizon is at
There is no bulk state with a lower entropy; therefore there is no boundary theory with a smaller central charge. The Nariai black hole is not a stable configuration. A small perturbation (such as decreasing the black hole mass) destabilizes the solution. When the black hole horizon becomes slightly smaller than the cosmological horizon, the black hole starts radiating and gets smaller and smaller (until it completely evaporates). We conclude that the Nariai black hole corresponds to an (UV) unstable fixed point on the boundary theory.
For example, consider a black hole of mass M in dS 4 which is described by a boundary theory with a central charge c ef f given by eq. (22) . As the black hole radiates M decreases, R and c ef f increase. When the black hole completely evaporates, M → 0 and R → L. Then
The boundary theory becomes conformal since this is the UV fixed point of the RG. The lower bound on c ef f which arises from the Nariai black hole is c ef f,min = 3 −1/2 c dS .
Asymptotically The Euclidean CFT on I + describes the cosmological horizon in dS space (with or without a black hole). In particular the Cardy-Velinde formula gives the entropy associated with the cosmological horizon. It seems more difficult to describe the black hole horizon and the entropy associated with it by using the Cardy-Verlinde formula. If we insist on using the Cardy-Verlinde formula for the black hole entropy, we need a CFT that lives on a boundary of radius R bh .
Certainly this CFT does not live on I + since it has a larger radius R cos in order to describe the cosmological horizon. In any case that CFT has a different entropy and temperature that the ones required to describe the black hole. The only alternative is to have another CFT on I − with radius R bh . Then throught the Cardy-Verlinde formula this CFT will automatically give the correct black hole entropy and temperature in an identical way to the cosmological horizon described above. The possibility of two different CFT on the two boundaries I + and I − is only possible because of the existence of the black hole. In pure de Sitter space lightlike curves connect the antipodal points on I + and I − and the correlator between these point are singular. As a result, the two CFT are copies of each other and there is only one independent CFT on one of the boundaries. The situation is different for the de Sitter black hole which has a very different Penrose diagram. In this case no such identification between the two boundaries exists.
Thus, it seems that we can put two different CFTs on the two boundaries.
Conclusions and Discussion
In this paper we gave a derivation of the Cardy-Verlinde entropy formula for the dS/CFT correspondence using the metric, the asymptotic conformal symmetry and the Bekenstein-Hawking entropy in the bulk. This is certainly not a derivation of the Bekenstein-Hawking entropy. However, if we believe that the area law is a fundamental feature of a true theory of quantum gravity, it would imply the Cardy-Verlinde formula for a CFT on S d . This is quite surprising for the dS/CFT correspondence since the boundary CFT lives in more than two dimensions and is not unitary whereas the original Cardy formula was derived for two dimensional unitary CFTs.
We also described asymptotically de Sitter spaces with a black hole by a nonconformal theory on the boundary with c ef f < c dS which is fixed by the Casimir energy. We showed that c ef f is a nondecreasing function of the energy on the boundary. In this description, Hawking radiation from the black hole can be seen as an RG flow from the IR to the UV in the boundary theory. Since, as the black hole evaporates c ef f increases this looks like integrating in degrees of freedom in the boundary theory. At the end of black hole evaporation, we get a pure de Sitter space which corresponds to the UV fixed point with c ef f = c dS in the boundary theory, .i.e. a CFT. We found that due to the existence of a maximum size black hole in de Sitter space, c ef f is bounded from below. The Nariai black hole corresponds to an unstable UV fixed point.
The description of asymptotically de Sitter spaces by the dS/CFT correspondence is somewhat disappointing since the CFT lives on the future (or past) boundary which is way beyond the cosmological horizon and not accessible to an observer.
In our opinion, a more satisfying description would describe the space by degrees of freedom that live on the horizon and are accessible to an observer. There is such a description for black holes in terms of strings with rescaled tensions that live on the stretched horizon [28] [29] [30] [31] [32] . A similar description can also be given for pure de Sitter space [17] . It seems that the same kind of description can be generalized for the asymptotically de Sitter space. Since both descriptions have the same number of degrees of freedom, i.e. the entropy, there must be a (probably nonlocal) mapping between them. It would be interesting to find the connection between these two descriptions of de Sitter space.
